A general convergence result for viscosity solutions of Hamilton-Jacobi
  equations and non-linear semigroups by Kraaij, Richard C.
ar
X
iv
:1
90
3.
04
19
6v
2 
 [m
ath
.FA
]  
23
 M
ay
 20
19
A general convergence result for viscosity solutions
of Hamilton-Jacobi equations and non-linear
semigroups
Richard C. Kraaij∗
May 24, 2019
Abstract
We extend the Barles-Perthame procedure [2, 3] (see also [20]) of semi-
relaxed limits of viscosity solutions of Hamilton-Jacobi equations of the type
f− λHf = h.
The convergence result allows for equations on a ‘converging sequence of
spaces’ as well as Hamilton-equations written in terms of two equations in
terms of operators H† and H† that serve as natural upper and lower bounds
for the ‘true’ operator H.
In the process, we establish a strong relation between non-linear pseudo-
resolvents and viscosity solutions of Hamilton-Jacobi equations. As a conse-
quence we derive a convergence result for non-linear semigroups.
Keywords: Hamilton-Jacobi equation; viscosity solutions; Barles-Perthame
method; non-linear semigroups
MSC2010 classification: 49J45, 49L25, 47H20
1 Introduction
In this paper, we will study the relation between three of the major objects in the
field of semigroup theory: the semigroup, the resolvent and the generator.
Consider the following problem posed by [7]. Find all maps f : R+ → C satisfying{
φ(t+ s) = φ(t)φ(s) for all s, t > 0,
φ(0) = 1.
Assuming that φ is continuous (the conclusion holds under much weaker assump-
tions), it can be shown that all maps of this type are of the form φa(t) := eta =
limk→∞ (1− tka)−k with a ∈ C.
The factor a, which can be found by a = ∂tφa(t)|t=0, captures all essential infor-
mation of the semigroup φa. In addition, the dependence of φa on a is robust
under convergence: for a sequence of an ∈ C with an → a, it holds that φan → φa
uniformly on compacts.
Semigroup theory generalizes these three concepts to the level of semigroups on
Banach and locally convex spaces. We will focus here on non-linear semigroups
on the space of bounded measurable functions Mb(X) on some space X. The three
objects of interest are
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S(a) A generator H ⊆Mb(X)×Mb(X);
S(b) A resolvent R(λ) = (1− λH)−1, λ > 0;
S(c) A semigroup V(t) = limk→∞ R ( tk)k, t > 0.
In addition, one wants to establish relations between Hn → H, Rn(λ) → R(λ) and
Vn(t) → V(t).
In the context of linear semigroups on some Banach space Y, these results are all well
known, cf. [15,35]. Two main results in this context are the Hille-Yosida generation
theorem relating S(a), S(b) and S(c), whereas the Trotter-Kato-Kurtz approxima-
tion theorem establishes various implications between convergence of these three
objects. The non-linear context is more complicated, cf. [30]. An analog of the
Hille-Yosida theorem was proven by [11] and the result by [29] is sufficiently general
to do approximation theory in this context.
These results, however, assume that the equation f− λHf = h can be solved in the
classical sense. While in the linear context this is often possible, in the non-linear
context this is troublesome. [12] introduced viscosity solutions that can replace clas-
sical solutions to achieve the same goals when restricting to operators taking values
in the space of continuous functions. The first stability result was observed already
in this first paper [12], but it was Barles and Perthame [2, 3] who realized that if
Hn are operators converging to H, then semi-relaxed limits of viscosity solutions to
Hamilton-Jacobi equations for Hn yield viscosity sub- and supersolutions for the
Hamilton-Jacobi equation for H. This method has been subsequently used in var-
ious papers, see [10] for a short discussion on the initial papers on this topic and
see [22, Section II.6] for a somewhat more recent account in the setting of controlled
Markov processes.
Finally, we want to mention [20, Chapters 6 and 7], in which stability of solutions
to Hamilton-Jacobi equations are studied in the context of large deviations for
Markov processes, in which three important generalizations have been carried out
with respect to the classical Barles-Perthame procedure:
(1) Instead of working on a single space X, a sequence of spaces Xn that are mapped
into X are considered. Conditions are given that imply the convergence of
viscosity solutions of f − λHnf = hn on a space Xn to a viscosity solution of
f − λHf = h on X. For this result, Feng and Kurtz work with a generalized
notion of buc (bounded and uniform on compacts) convergence that applies to
functions on different spaces.
(2) Instead of working with a limiting operator H, [17, 20] follow initial papers
for Hamilton-Jacobi equations on infinite dimensional spaces, see [13, 33, 34],
allowing for the possibility for a relaxed upper bound H† and a relaxed lower
bound H‡. Thus, in the limit a subsolution to f− λH†f = h and a supersolution
to f− λH‡f = h is obtained.
(3) The operators H† and H‡ can take their images in the space of measurable
functions M(Y) on a space Y instead of X, where Y is a space containing more
information than X, allowing for the use of the approximation theory in the
setting of e.g. homogenization and multi-scale systems.
Various applications of these extended methods are given in Chapters 11, 12 and 13
of [20] and [17] and have recently been applied in large deviation theory in various
settings [9, 14, 18, 26, 27, 31].
The methods of [20], however, have two major drawbacks and lack one desirable
property.
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• The extension of [20] in their Chapter 7, which includes the generalizations
(1), (2) and (3), is based on the property that the Hamiltonians Hn are given
in terms of an exponential tilt of an operator An which is the generator of a
Markov process. [20] then approximateAn by its bounded Yosida approximant
Aεn = An(1−εAn)
−1. This leads to a continuous operator Hεn that is easier to
treat. A replacement of Hn by Hεn is not possible if Hn is not derived from a
linear operator An, therefore making it impossible to widely use the stability
result in a general setting, excluding e.g. an application in the context of
Gamma convergence [5, 23].
• A second major drawback arises from the realization that in general, and in
particular in infinite dimensions cf. [1,13,17,19,21,33,34], it is advantageous to
work with an upper and lower boundH† andH‡ instead of a single Hamiltonian
H. Therefore, instead of working with operators Hn to obtain a limiting upper
and lower bounds H†, H‡, one should work with pairs Hn,†, Hn,‡ instead.
• Finally, a lacking desirable property is that the result in [20] is based on the
assumption that Xn are mapped into X. This leads to problems for example
in the setting of hydrodynamic limits, see e.g. [24]. In this context a Markov
process is considered in which particles move around on a discrete lattice, e.g.
Zd. A typical state-space would be Xn := {0,1}Zd . After rescaling the lattice
and speeding up time appropriately, the empirical measure associated to the
particle locations converges to the solution of a diffusion equation, say in
X := L1(dx). The convergence of measures to a profile in L1(Rd,dx), however,
is considered with respect to the vague topology on X := M(Rd).
Thus, instead of considering spaces Xn that get mapped into X one wants
to consider an auxiliary space X, in which both Xn and X get mapped. The
convergence of elements is then considered as elements in X.
In this paper, we extend in Theorem 5.7 the Feng-Kurtz extension of the Barles-
Perthame procedure to remedy these three issues. As a consequence, the Kurtz [29]
convergence result gives us convergence of semigroups, see Theorem 6.1.
In future work, the extended procedure will be used for a new proof of large devi-
ations for Markov processes. In addition, in [25] we give a framework to establish
Gamma convergence of functionals on path-space.
As all the generalizations are quite technical, we start out in Section 2 with stating
(without giving definitions of the required notions) a basic version of the convergence
of viscosity solutions and the convergence of semigroups. This allows to quickly
grasp the kind of results that are accessible. In this context, we will work with
Xn = X = X the notion of buc convergence and operators Hn, H ⊆ Cb(X)× Cb(X).
To set the stage for the more general results, we start in Section 3 with some pre-
liminaries that include a treatment of basic properties of our notion of convergence
taking place on spaces Xn, X,X. All these results can be skipped on first reading
assuming that Xn = X = X and coincide with the ones of [20] in the context that
the Xn are mapped into X (in this case X = X).
We proceed in Section 4 on a basic study of viscosity solutions for the Hamilton-
Jacobi equation f−λHf = h, as well as a study of pseudo-resolvents. To some extent
these results are known in the literature, but as the results and proofs will be used
as input for our main results later on, we collect these results for completeness.
To summarize, we show that pseudo-resolvents can be used to construct viscosity
solutions. On the other-hand, given well-posedness of the Hamilton-Jacobi equation,
viscosity solutions can be used to construct a pseudo-resolvent. Finally, in this
context, the pseudo-resolvent can be used to define a new Hamiltonian that satisfies
the conditions for the semi-group generation result by [11].
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In Sections 5 and 6 we proceed with our convergence statements, containing the
two main Theorems 5.7 and 6.1.
Finally, we end in Section 7 with a short discussion on how to use the comparison
principle for Hamilton-Jacobi equations to establish density of the domain of an
operator constructed out of viscosity solutions.
2 Two basic convergence results
To anticipate the general version of our two main results, we state in this section
two simplified versions of these results. We will not give definitions of the required
notions, as these will follow in more general context in Section 3. The notion of a
pseudo-resolvent can be found as Definition 4.1.
We start with the convergence of viscosity solutions of Hamilton-Jacobi equations.
A more general version is given as Theorem 5.7 below.
Theorem 2.1. Suppose there are contractive pseudo-resolvents Rn(λ) : Cb(X) →
Cb(X), λ > 0 and operators H,Hn ⊆ Cb(X)×Cb(X), n > 1. Suppose in addition that
(a) For each n > 1, λ > 0 and h ∈ Cb(X) the function Rn(λ)h is a viscosity solution
to f− λHnf = h.
(b) We have local strict equi-continuity on bounded sets: for all compact sets K ⊆ X,
δ > 0 and λ0 > 0, there is a compact set Kˆ = Kˆ(K, δ, λ0) such that for all n and
h1, h2 ∈ Cb(X) and 0 < λ 6 λ0 we have
sup
y∈K
{Rn(λ)h1(y) − Rn(λ)h2(y)}
6 δ sup
x∈X
{h1(x) − h2(x)}+ sup
y∈Kˆ
{h1(y) − h2(y)} .
(c) For each (f, g) ∈ H there are (fn, gn) ∈ Hn such that buc − lim fn = f and
buc− lim gn = g.
(d) There is a buc-dense set D ⊆ Cb(X) such that the comparison principle holds
for the Hamilton-Jacobi equation f− λHf = h for all h ∈ D and λ > 0.
Then there are operators R(λ) : Cb(X) → Cb(X) for λ > 0 that are locally strictly
equi-continuous on bounded sets: for all compact sets K ⊆ X, δ > 0 and λ0 > 0, there
is a compact set Kˆ = Kˆ(K, δ, λ0) such that for all h1, h2 ∈ Cb(X) and 0 < λ 6 λ0 we
have
sup
y∈K
{R(λ)h1(y) − R(λ)h2(y)} 6 δ sup
x∈X
{h1(x) − h2(x)}+ sup
y∈Kˆ
{h1(y) − h2(y)} .
For each λ > 0 and h ∈ D the function R(λ)h is the unique viscosity solution to
f− λHf = h. In addition if buc− lim hn = h then buc− limRn(λ)hn = R(λ)h.
The next result uses the convergence of the pseudo-resolvents to obtain the conver-
gence of semigroups. The key ingredient in this context are the semigroup genera-
tion and convergence results of [11,29]. A more general version follows in Theorem
6.1.
Theorem 2.2. Suppose we are in the setting of Theorem 2.1. In addition suppose
that there are operators Vn(t) : Cb(X) → Cb(X), t > 0 that form a semigroup.
Suppose that
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(a) there is a buc-dense subset Dn,0 such that for every n > 1, f ∈ Dn,0 and x ∈ X:
lim
m→∞Rn
(
t
m
)m
f(x) = Vn(t)f(x).
(b) We have local strict equi-continuity on bounded sets for the semigroups: for all
compact sets K ⊆ X, δ > 0 and t0 > 0, there is a compact set Kˆ = Kˆ(K, δ, λ0)
such that for all n and h1, h2 ∈ Cb(X) and 0 6 t 6 t0 that
sup
y∈K
{Vn(t)h1(y) − Vn(t)h2(y)}
6 δ sup
x∈X
{h1(x) − h2(x)}+ sup
y∈Kˆ
{h1(y) − h2(y)} .
(c) We have buc−limλ↓0 R(λ)h = h and for each n we have buc−limλ↓0 Rn(λ)h = h.
Then there are operators V(t) : Cb(X) → Cb(X) for t > 0 that are locally strictly
equi-continuous on bounded sets: for all compact sets K ⊆ X, δ > 0 and t0 > 0, there
is a compact set Kˆ = Kˆ(K, δ, t0) such that for all h1, h2 ∈ Cb(X) and 0 6 t 6 t0 we
have
sup
y∈K
{V(t)h1(y) − V(t)h2(y)} 6 δ sup
x∈X
{h1(x) − h2(x)}+ sup
y∈Kˆ
{h1(y) − h2(y)} .
In addition there are subsets Dn,D ⊆ Cb(X) that are buc-dense such that if fn ∈ Dn,
f ∈ D such that buc− lim fn = f and tn → t, then buc − limVn(tn)fn = V(t)f.
Both results will foll as special cases of much more general result that we will prove
in the following sections.
3 Preliminaries
3.1 Basic definitions
All spaces in this paper are assumed to be completely regular spaces. Let X be a
space then we denote by Cb(X) the set of continuous and bounded functions into R.
We denote by Ba(X) the space of Baire measurable sets (the σ-algebra generated
by Cb(X).) By M(X), we denote by set of Baire measurable functions from X into
R := [−∞,∞]. Mb(X) denotes the set of bounded Baire measurable functions.
Denote
USCu(X) :=
{
f ∈M(X)
∣∣∣∣ fupper semi-continuous, sup
x
f(x) <∞} ,
LSCl(X) :=
{
f ∈M(X)
∣∣∣ f lower semi-continuous, inf
x
f(x) >∞} .
For g ∈ M(X) denote by g∗, g∗ ∈ M(X) the upper and lower semi-continuous regu-
larizations of g.
3.2 Viscosity solutions
Let X and Y be two spaces. Let γ : Y → X be continuous and surjective.
We consider operators A ⊆ M(X) × C(Y). If A is single valued and (f, g) ∈ A, we
write Af := g. We denote D(A) for the domain of A and R(A) for the range of A.
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Definition 3.1. Let A† ⊆ LSCl(X)× USCu(Y) and A‡ ⊆ USCu(X)× LSCl(Y). Fix
h1, h2 ∈M(X). Consider the equations
f−A†f = h1, (3.1)
f−A‡f = h2. (3.2)
Classical solutions We say that u is a classical subsolution of equation (3.1) if
there is a g such that (u, g) ∈ A† and u − g 6 h. We say that v is a classical
supersolution of equation (3.2) if there is g such that (v, g) ∈ A‡ and v−g > h.
We say that u is a classical solution if it is both a sub- and a supersolution.
Viscosity subsolutions We say that u : X → R is a subsolution of equation (3.1)
if u ∈ USCu(X) and if, for all (f, g) ∈ A† such that supx u(x) − f(x) <∞ there
is a sequence yn ∈ Y such that
lim
n→∞u(γ(yn)) − f(γ(yn)) = supx u(x) − f(x), (3.3)
and
lim sup
n→∞ u(γ(yn)) − g(yn) − h1(γ(yn)) 6 0. (3.4)
Viscosity supersolution We say that v : X → R is a supersolution of equation
(3.2) if v ∈ LSCl(X) and if, for all (f, g) ∈ A‡ such that infx v(x) − f(x) > −∞
there is a sequence yn ∈ Y such that
lim
n→∞ v(γ(yn)) − f(γ(yn)) = infx v(x) − f(x), (3.5)
and
lim inf
n→∞ v(γ(yn)) − g(yn) − h2(γ(yn)) > 0. (3.6)
Viscosity solution We say that u is a solution of the pair of equations (3.1) and
(3.2) if it is both a subsolution for A† and a supersolution for A‡.
Comparison principle We say that (3.1) and (3.2) satisfy the comparison prin-
ciple if for every subsolution u to (3.1) and supersolution v to (3.2), we have
sup
x
u(x) − v(x) 6 sup
x
h1(x) − h2(x). (3.7)
If H = A† = A‡, we will say that the comparison principle holds for f−λAf = h,
if for any subsolution u for f− λAf = h1 and supersolution v of f− λAf = h2
the estimate in (3.7) holds.
Often, as in Section 4 below, Y = X and γ(x) = x simplifying the definitions above.
3.3 Operators
For an operator A ⊆ M(X)×M(Y) and c > 0 we write cA ⊆ M(X)×M(Y) for the
operator
c ·A := {(f, c · g) | (f, g) ∈ A} .
Here we write c · g for the function
c · g(x) :=


cg(x) if g(x) ∈ R,∞ if g(x) =∞,
−∞ if g(x) = −∞.
The next set of properties is mainly relevant in the setting that Y = X.
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Definition 3.2. Contractivity We say that T ⊆M(X)×M(X) is contractive if for
all f1, f2 ∈ D(T):
sup
x
Tf1(x) − Tf2(x) 6 sup
x
f1(x) − f2(x),
inf
x
Tf1(x) − Tf2(x) > inf
x
f1(x) − f2(x).
If in addition T0 = 0, contractivity implies that supx Tf(x) 6 supx f(x) and
infx Tf(x) > infx f(x).
Dissipativity We say A ⊆M(X)×M(X) is dissipative if for all (f1, g1), (f2, g2) ∈ A
and λ > 0 we have
|f1 − λg1 − (f2 − λg2)| > |f1 − f2| ;
The range condition We say A ⊆ M(X) ×M(X) satisfies the range condition if
for all λ > 0 we have: the uniform closure of D(A) is a subset of R(1− λA).
The following theorem was proven for accretive operators but can be easily trans-
lated into dissipative operators by changing A by −A.
Theorem 3.3 (Crandall-Liggett [11]). Let A be an operator on a Banach space E.
Suppose that
(a) A is dissipative,
(b) A satisfies the range condition.
Denote by R(λ,A) = (1 − λA)−1. Then there is a strongly continuous (for the norm)
contraction semigroup S(t) defined on the uniform closure of D(A) and for all t > 0
and f in the uniform closure of D(A)
lim
n
∣∣∣∣R ( t
n
, A
)n
f− S(t)f
∣∣∣∣ = 0.
3.4 Operators and the strict and buc topology
In addition to normed spaces, we consider bounded and uniform convergence on
compacts (buc-convergence). This notion of convergence for functions on Cb(X)
is more natural from an applications point of view. This is due to the fact that
it is the restriction of the locally convex strict topology restricted to sequences,
see e.g. [6, 32]. Indeed, it is the strict topology for which most well known results
generalize (under appropriate conditions on the topology, e.g. X Polish): Stone-
Weierstrass, Arzelà-Ascoli and the Riesz representation theorem. We define both
notions.
Definition 3.4 (buc convergence). Let fn ∈ Cb(X) and f ∈ Cb(X). We say that fn
converges bounded and uniformly on compacts (buc) if supn |fn| < ∞ and if for all
compact K ⊆ X:
lim
n
sup
x∈K
|fn(x) − f(x)| = 0. (3.8)
Note (3.8) can be replaced by fn(xn) → f(x) for all sequences xn ∈ K that converge
to x ∈ K.
Definition 3.5. The (sub) strict topology β on the space Cb(X) for a completely
regular space X is generated by the collection of semi-norms
p(f) := sup
n
an sup
x∈Kn
|f(x)|
where Kn are compact sets in X and where an > 0 and an → 0.
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Remark 3.6. The (sub)strict topology is the finest locally convex topology that
coincides with the compact open topology on bounded sets. Thus, a sequence
converges strictly if and only if it converges buc.
In the literature on locally convex spaces, the strict topology is usually referred
to as the substrict topology, but on Polish spaces, among others, these topologies
coincide, see [32].
Definition 3.7. (a) Denote Br := {f ∈ Cb(X) | |f| 6 r}. We say that a set D is quasi-
closed if for all r > 0 the set D ∩ Br is closed for the strict topology (or equiva-
lently for the compact open or buc topologies).
(b) We say that D̂ is the quasi-closure of D if D̂ =
⋃
r>0 D̂r, where D̂r is the strict
closure of D ∩ Br.
(c) We say that D1 is quasi-dense in D2 if D1 ∩ Br is strictly dense in D2 ∩ Br for
all r > 0.
Next, we consider operators with respect to a hierarchy of statements regarding
continuity involving the strict topology. The proof can be found in Appendix A.
Proposition 3.8. Let T : Cb(X) → Cb(X). Consider
(a) T is strictly continuous.
(b) For all δ > 0, r > 0, and compact sets K there are C0(r), C1(δ, r) and a compact
set Kˆ(K, δ, r) such that
sup
x∈K
|Tf(x) − Tg(x)| 6 δC0(r) + C1(δ, r) sup
x∈Kˆ(K,δ,r)
|f(x) − g(x)|
for all f, g ∈ Cb(X) such that |f| ∨ |g| 6 r.
(c) T is strictly continuous on bounded sets.
Then (a) implies (b) and (b) implies (c).
Remark 3.9. There is not much room between properties (a) and (c). In the
case that X is Polish space, and T is linear then (a) and (c) are equivalent, see
e.g. [32, Corollary 3.2 and Theorem 9.1]. It is unclear to the author whether (b)
and (c) are equivalent in general.
At various points in the paper, we will work with operators that are constructed
by taking closures on dense sets. To do so, we need continuity properties. Even
though working with (a) of 3.8 would be the desirable from a functional analytic
point of view, (b) is much more explicit, and also suffices for our analysis.
The following result is proven in [20, Lemma A.11].
Lemma 3.10. Suppose that an operator T : D ⊆ Cb(X) → Cb(X) satisfies (b) of
Proposition 3.8. Then T has an extension to the quasi-closure D̂ of D that also
satisfies property (b) of Proposition 3.8 (with the same choice of Kˆ).
3.5 A general setting of convergence of spaces
In previous section, we have studied buc convergence and the strict topology. This
suffices for convergence problems in the context where all Hamilton-Jacobi equations
f− λHnf = h and f− λHf = h are based on the same space X. In practice, however,
one runs into situations where this is not natural. In the context of simple slow-fast
systems for example, one typically works with Xn = E × F and X = E. That is, we
have a slow system on E that depends on a fast system taking values on F. Taking
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limits, we end up with a slow system on E with coefficients that are suitable averages
over F. Thus, we need to connect Xn to X via a mapping ηn (e.g. a projection on
the first coordinate) and extend the notion of buc convergence to allow for functions
fn on Xn to converge to X.
To extend the notion of buc convergence, we need to decide what ‘uniform conver-
gence’ on compacts means. Following Definition 3.4, we saw that fn converges to
f buc if supn |fn| < ∞ and if for all compact sets K we have fn(xn) → f(x) for all
sequences xn ∈ K converging to x ∈ K.
In the context of distinct Xn and X, there is no natural analogue of the compact
set K. Instead, we will work a sequence of compact sets. Namely, we will choose
compact sets Kn ⊆ Xn that ‘converge’ to a compact set K ⊆ X. Then fn converges
to f if supn |fn| <∞ and if for each of these sequences of compact sets and xn ∈ Kn
converging to x ∈ K, we have fn(xn) → f(x).
We turn to the rigorous definition. We will slightly extend our discussion above
by allowing spaces Xn and X such that the Xn are not naturally embedded in X.
Instead, we will map all spaces to a common space X in which ‘Xn converges to X’.
Assumption 3.11. Consider spaces Xn and X, some space X, Baire measurable
maps ηn : Xn → X and a Baire measurable injective map η : X→ X.
Definition 3.12 (Kuratowski convergence). Let {On}n>1 be a sequence of subsets
in a space X. We define the limit superior and limit inferior of the sequence as
lim sup
n→∞ On := {x ∈ X | ∀U ∈ Ux ∀N > 1∃n > N : On ∩U 6= ∅} ,
lim inf
n→∞ On := {x ∈ X | ∀U ∈ Ux ∃N > 1∀n > N : On ∩U 6= ∅} .
where Ux is the collection of open neighbourhoods of x in X. If O := lim supnOn =
lim infnOn, we write O = limnOn and say that O is the Kuratowski limit of the
sequence {On}n>1.
Assumption 3.13. There is a directed set Q (partially ordered set such that every
two elements have an upper bound). For each q ∈ Q, we have compact sets Kqn ⊆ Xn
a compact set Kq ⊆ X such that
(a) If q1 6 q2, we have Kq1 ⊆ Kq2 and for all n we have K
q1
n ⊆ K
q2
n .
(b) For all q ∈ Q and each sequence xn ∈ K
q
n, every subsequence of xn has a further
subsequence that is converging to a limit x ∈ Kq (that is: ηn(xn) → η(x) in X).
(c) For each compact set K ⊆ X, there is a q ∈ Q such that
η(K) ⊆ lim inf
n
ηn(K
q
n).
Remark 3.14. Note that (b) implies that lim supn ηn(K
q
n) ⊆ η(Kq). Note that (b)
follows if
⋃
n ηn(K
q
n) is a subset of η(Kq) and the topology on Kq is metrizable.
Conditions (b) should be interpreted in the sense that Kq is larger than the ‘limit’ of
the sequence Kn, whereas (c) should be interpreted in the sense that each compact
K in X is contained in a limit of that type.
We will say that a sequence xn ∈ Xn converges to x ∈ X in the sense that ηn(xn) →
η(x) in X. Dual to the notion of convergence in a topological space, there is the
notion of convergence of functions.
Definition 3.15. Let Assumptions 3.11 and 3.13 be satisfied. For each n let
fn ∈Mb(Xn) and f ∈Mb(X). We say that LIM fn = f if
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• supn |fn| <∞,
• if for all q ∈ Q and xn ∈ K
q
n converging to x ∈ Kq we have
lim
n→∞ |fn(xn) − f(x)| = 0.
The notion of bounded and uniform on compacts (buc) is the prime example of a
notion of LIM. For a second example see Example 2.7 in [20].
Example 3.16 (buc convergence). Consider some space X in which all compact
sets are metrizable, and suppose that Xn = X and that ηn is the identity map for
all n. In this context, we can choose X = X and η the identity map. Q is the set of
compact subsets. For K ∈ Q, we take KKn = K
K = K.
Note that we need metrizable compact sets to extract converging subsequences for
Assumption 3.13 (b).
We have LIM fn = f if and only if supn |fn| < ∞ and if for all K and all sequences
xn ∈ K converging to x ∈ K, we have limn fn(xn) = f(x).
Remark 3.17. In the setting that X = X whose topologies coincide, we can com-
pare the notion of LIM we introduced to that which is used in [20]. Indeed, it is
straightforward to show that both notions of LIM fn = f for a sequence of functions
coincide if the limiting function f is continuous.
Remark 3.18. The notion of LIM is subtle. It does not require fn(xn) → f(x) for
all sequences xn such that ηn(xn) → η(x) in X.
For example, let Xn = R × R, X = X = R, ηn(x, y) = x and η(x) = x. We could
work with an index set Q consisting of all compact sets [a, b] × [c, d] in R2. Then
K
[a,b]×[c,d]
n = [a, b]× [c, d] and K[a,b]×[c,d] = [a, b]. Clearly the sequence xn := (x, n)
satisfies ηn(x, n) = x which converges to x. There is however, no compact set
[a, b]× [c, d] such that (x, n) lies in this set for all n. Thus, we do not need to check
convergence along this sequence in Definition 3.15.
Remark 3.19. Proceeding with last remark. Note that we could have chosen differ-
ent compact sets with the same index set. E.g., we could have chosen K[a,b]×[c,d]n =
[a, b]× [nc, nd] and K[a,b]×[c,d] = [a, b]. This leads to a larger collection of sequences
for which we have to verify convergence for LIM.
In Section 3.6 below, we will see that we can define a notion of equi-continuity of
operators on the spaces Xn based on the set Q and compacts K
q
n.
Indeed, in Condition 5.5, key for our main results, we will assume that we have
converge of Hamiltonians in the sense of LIM, and have equi-continuity for the
resolvents in terms of Kqn. This leads to a careful balance: choose small sets K
q
n, then
verifying convergence with LIM is easy whereas verifying equi-continuity becomes
hard and vice versa. Thus, the choice of Kqn is context dependent and requires
insight into the problem at hand.
The characterization of f = LIM fn allows for generalization of the lim sup and
lim inf as well.
Definition 3.20. Let Assumptions 3.11 and 3.13 be satisfied. Let fn ∈M(Xn).
(a) Let f ∈ USCu(X). We say that LIMSUP fn = f if
• supn supx∈Xn fn(x) <∞,
• if
f(x) = sup
q∈Q
sup
{
lim sup
n→∞ fn(xn)
∣∣∣∣ xn ∈ Kqn, ηn(xn) → η(x)} .
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(b) Let f ∈ LSCl(X). We say that LIMINFn fn = f if
• infn infx∈Xn fn(x) > −∞,
• if
f(x) := inf
q∈Q
inf
{
lim inf
n→∞ fn(xn)
∣∣∣ xn ∈ Kqn, ηn(xn) → η(x)} .
The following is immediate.
Lemma 3.21. Let Assumptions 3.11 and 3.13 be satisfied. Suppose that LIMSUPn fn 6
f 6 LIMINF fn, then LIM fn = f.
3.6 Joint equicontinuity of operators and LIM
It is a general fact from topology that if Tn are equi-continuous functions on some
space and if f1,n → f and f2,n → f, then Tnf1,n − Tf2,n → 0.
We now show that equi-continuity in the sense of (b) of Proposition 3.8 combines
with the notion of LIM in a similar way. Afterwards, we will show that we can use
LIM and a collection of equi-continuous operators to define a limiting operator.
Definition 3.22. Let Assumptions 3.11 and 3.13 be satisfied. Let Tn : Bn ⊆
Mb(Xn) → Bn be operators.
We say that the collection {Tn}n>1 is strictly equi-continuous on bounded sets if the
following holds. For all q ∈ Q, r > 0 and δ > 0, there is a qˆ ∈ Q and constants
C0(r), C1(δ, r) such that for all n and h1, h2 ∈ Bn with |h1| ∨ |h2| 6 r we have
sup
y∈K
q
n
{Tnh1(y) − Tnh2(y)} 6 δC0(r) + C1(δ, r) sup
y∈K
qˆ
n
{h1(y) − h2(y)} .
Lemma 3.23. Let Assumptions 3.11 and 3.13 be satisfied. Let Tn : Bn ⊆Mb(Xn) →
Bn be a collection of operators that is strictly equi-continuous on bounded sets.
Suppose that h1,n, h2,n ∈ Bn and that LIMh1,n = LIMh2,n. Then it holds that
LIM Tnh1,n − Tnh2,n = 0. In particular, if LIM Tnh1,n exists, then LIM Tnh2,n
exists also and is the same.
Proof. Pick h1,n, h2,n ∈ Bn and that LIMh1,n = LIMh2,n. We establish that
LIMSUP Tnh1,n − Tnh2,n 6 0. By interchanging the roles of h1,n and h2,n this
yields the statement for LIMINF which establishes the claim.
To do so, it suffices for any q ∈ Q and xn ∈ K
q
n and x such that ηn(xn) → η(x) to
establish that
lim sup
n
Tnh1,n(xn) − Tnh2,n(xn) 6 0.
As LIMh1,n,LIMh2,n exists, there is some r > 0 such that supn |h1,n| ∨ |h2,n| 6 r.
Thus, by joint strict local equi-continuity of the operators {Tn} we can find for any
δ > 0 a qˆ and constants C0(δ), C1(δ, r) such that
lim sup
n
Tnh1,n(xn) − Tnh2,n(xn)
6 δC0(r) + C1(r, δ) lim sup
n
sup
y∈K
qˆ
n
h1,n(y) − h2,n(y).
As LIMh1,n = LIMh2,n the lim supn on the right equals 0. Sending δ→ 0, the first
claim follows. The final claim is a direct consequence of the triangle inequality.
In next proposition, we show how to use the result of previous lemma to construct
a limiting operator our of a sequence of operators that are strictly equi-continuous
on bounded sets.
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Proposition 3.24. Let Assumptions 3.11 and 3.13 be satisfied. Let Tn : Bn ⊆
Mb(Xn) → Bn be a strictly equi-continuous on bounded sets. Suppose the spaces Bn
are such that there is a M > 0 such that for all h ∈ Cb(X) there are hn ∈ Bn such
that LIMhn = h and supn |hn| 6 M |h|.
Set
D(T) := {h ∈ Cb(X) |∃hn ∈ Bn : h = LIMhn,LIM Tnhnexists and is continuous}
and Th = LIM Tnhn. Note that T is well defined because of Lemma 3.23
Then:
(a) T is strictly continuous on bounded sets in the sense of (b) of Proposition 3.8.
(b) The set D(T) is quasi-closed in Cb(X).
(c) If h ∈ D(T) and hn ∈ Bn such that LIMhn = h, then LIM Tnhn = Th.
Remark 3.25. In Lemma 6.4 below, we will see that in the context that if the
maps ηn are continuous and η is a homeomorphism onto its image, we can indeed
always find hn such that LIMhn = h and supn |hn| 6 |h|.
The proof is inspired by Lemma 7.16 (b) and (c) in [20].
Proof of Proposition 3.24. We start by by proving (a). Fix r > 0, a compact set
K ⊆ X and δ > 0. We prove that there are constants Cˆ0(r), Cˆ1(δ, r) and a compact
set K̂ = K̂(K, δ, r) such that
sup
x∈K
|Tf(x) − Tg(x)| 6 δCˆ0(r) + Cˆ1(δ, r) sup
x∈Kˆ
|f(x) − g(x)|
for all f, g ∈ D(T) such that |f| ∨ |g| 6 r.
Thus, fix f, g ∈ D(T) such that |f| ∨ |g| 6 r and let x0 ∈ K be such that
Tf(x0) − Tg(x0) = sup
y∈K
Tf(y) − Tg(y)
Let fn, gn ∈ Bn such that LIM fn = f and LIMgn = g and supn |fn| 6 M |f|,
supn |gn| 6 M |g|. By Assumption 3.13 (c), there is a q with K ⊆ lim infn ηn(K
q
n).
Because of this, we can choose xn ∈ K
q
n such that limn ηn(xn) = η(x0) in X. By
definition of D(T) and T , we have Tf(x0) − Tg(x0) = limn Tnfn(xn) − Tngn(xn). It
follows by strict equi-continuity on bounded sets that there is a qˆ, C0(r) and C1(r, δ)
such that
sup
y∈K
Tf(y) − Tg(y) = lim
n
Tnfn(xn) − Tngn(xn)
6 lim
n
(
δC0(r)M+ C1(r, δ) sup
y∈K
q̂
n
{fn(y) − gn(y)}
)
.
Set Cˆ0(r) = MC0(r) and Cˆ1(δ, r) = C1(δ, r). Finally, let yn ∈ K
q̂
n be such that
fn(yn) − gn(yn) + n
−1 > sup
y∈K
q̂
n
{fn(y) − gn(y)}. By Assumption 3.13 (b), yn has
a converging subsequence with a limit y0 ∈ Kqˆ. We obtain that
sup
y∈K
{Tf(y) − Tg(y)} 6 δCˆ0(r) + Cˆ1(δ, r) (f(y0) − g(y0))
6 δCˆ0(r) + Cˆ1(δ, r) sup
y∈Kq̂
{f(y) − g(y)} .
This establishes strict continuity on bounded sets for T .
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We proceed with the proof of (b). First note that by strict continuity on bounded
sets, and Lemma 3.10, we can extend T to the quasi-closure of D(T), on which T is
also strictly continuous on bounded sets.
Next, we show that D(T) was in fact quasi-closed to begin with. Let h be in the
the strict closure of D(T)∩BR for some R > 0. We prove that h ∈ D(T)∩BR. Using
the extension of T to the quasi-closure of D(T), we can define f := Th. Let hn ∈ Bn
such that LIMhn = h and supn |hn| 6 M |h|. To establish (b), we need to prove
that LIM Tnhn = f.
On bounded sets, the strict topology coincides with the compact-open topology.
Thus, there are functions hK,ε ∈ D(T) such that supK,ε
∣∣∣∣hK,ε∣∣∣∣ 6 R and
sup
y∈K
∣∣h(y) − hK,ε(y)∣∣ 6 ε.
Define fK,ε := ThK,ε. Furthermore, find fn, fK,εn , h
K,ε
n such that
LIM fn = f, LIM f
K,ε
n = f
K,ε, LIMhK,εn = h
K,ε,
and such that we have an upper bound r for the norms of all involved functions. To
establish that LIM Tnhn = f, it suffices by Lemma 3.23 to prove that LIM Tnhn −
fn = 0.
Fix an arbitrary q and ε. Then it suffices to prove that
lim
n→∞ sup
y∈K
q
n
|Tnhn(y) − fn(y)| 6 4ε. (3.9)
To do so, fix δ > 0 such that C0(r)δ 6 ε.
By strict equi-continuity on bounded sets of the operators Tn, starting with q, r
and δ, we find a qˆ and set K := Kqˆ. Note that we can use the same compact set K
for the strict continuity estimate for the limiting operator T also.
Using this specific compact set K, it follows by the triangle inequality that
|Tnhn(y) − fn(y)|
6
∣∣Tnhn(y) − Tnhε,Kn (y)∣∣+ ∣∣Tnhε,Kn (y) − fK,εn (y)∣∣+ ∣∣fK,εn (y) − fn(y)∣∣
6
∣∣Tnhn(y) − Tnhε,Kn (y)∣∣+ ∣∣Tnhε,Kn (y) − fK,εn (y)∣∣+ ∣∣fK,εn (y) − fn(y)∣∣
After taking lim supn and supy∈Kqn over the three terms separately, we estimate as
follows:
• By equi-continuity of the Tn and our choice of δ > 0 and qˆ, we find that
sup
y∈K
q
n
∣∣Tnhn(y) − Tnhε,Kn (y)∣∣ 6 ε+ sup
y∈K
qˆ
n
∣∣hn(y) − hε,Kn (y)∣∣
As LIMhn = h and LIMhε,Kn = h
ε,K, and the fact that supy∈K |h(y) −
hK,ε(y)| 6 ε implies that the lim sup over the right-hand side is bounded
above by 2ε.
• As hK,ε in D(T), we have LIM TnhK,εn = Th
ε,K = fε,K. We also have LIM fK,εn =
fK,ε so by Lemma 3.23 the middle term vanishes by choosing n large.
• To estimate lim supn supy∈Kqn
∣∣fK,εn (y) − fn(y)∣∣ note that as LIM fK,εn = fK,ε
and LIM fn = f, we find
lim sup
n
sup
y∈K
q
n
∣∣fK,εn (y) − fn(y)∣∣ 6 sup
y∈Kq
∣∣fK,ε(y) − f(y)∣∣ = sup
y∈Kq
∣∣ThK,ε(y) − Th(y)∣∣
Using the strict continuity on bounded sets of T , we find
lim sup
n
sup
y∈K
q
n
∣∣fK,εn (y) − fn(y)∣∣ 6 ε+ sup
y∈K
∣∣hK,ε(y) − h(y)∣∣ .
Thus the right-hand side is bounded by 2ε.
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This establishes (3.9) which concludes the proof of (b). (c) follows by a direct
application of Lemma 3.22.
3.7 An extension of notions of convergence to a space con-
taining additional information
In the context of problems that involve homogenisation or slow-fast systems, it often
pays of to work with multi-valued Hamiltonians whose range naturally takes values
in a space of functions with a domain that is larger. This larger domain takes into
account a variable that we homogenize over or the ‘fast’ variable. We extend the
setting of Section 3.5. We will not need the extension of all results therein, but
restrict to the bare essentials.
Assumption 3.26. Consider spaces Xn and X, Y, and two spaces X,Y. We consider
Baire measurable maps ηn : Xn → X, η̂n : Xn → Y and Baire measurable injective
maps η : X → X, η̂ : Y → Y. Finally, there are continuous surjective maps γ : Y → X
and γ̂ : Y → X. The maps are such that the following diagram commutes:
Y Y
Xn
X X
η̂n
ηn
γ̂ γ
η̂
η
Assumption 3.27. There is a directed set Q (partially ordered set such that every
two elements have an upper bound). For each q ∈ Q, we have compact sets Kqn ⊆ Xn
a compact sets Kq ⊆ X and K̂q ⊆ Y such that
(a) If q1 6 q2, we have Kq1 ⊆ Kq2 , K̂q1 ⊆ K̂q2 and for all n we have K
q1
n ⊆ K
q2
n .
(b) For all q ∈ Q and each sequence xn ∈ K
q
n, every subsequence of xn has a further
subsequence xn(k) such that η̂n(k)(xn(k)) → η̂(y) in Y for some y ∈ K̂
q.
(c) For each compact set K ⊆ X, there is a q ∈ Q such that
η(K) ⊆ lim inf
n
ηn(K
q
n).
(d) We have γ(K̂q) ⊆ Kq.
Note the subtle difference with Assumption 3.13 in the sense that here (b) is written
down in terms of convergence in Y, whereas (c) is still written down in terms of
convergence in X.
Remark 3.28. Note that (b) and (d) imply that ηn(k)(xn(k)) → η(γ(y)) in X
with γ(y) ∈ Kq. Thus, the Assumption 3.27 implies the conditions for X,Xn,X for
Assumption 3.13.
Thus, in the context of Assumptions 3.26 and 3.27, we can use all notions of the
previous sections, if we talk about functions or operators on X,X and Xn.
Example 3.29 (Reduction of the dimension). Consider two spaces X and Z and
let Y := X× Z, Xn := X× Z with maps ηn(x, z) = x, ηˆn(x, z) = (x, z) and γ(x, z) = x.
Assumption 3.27 is satisfied for example with Q the collection of pairs of compact
sets in X and Z:
{(K1, K2) |∀K1 ⊆ X,K2 ⊆ Z compact} ,
and K(K1,K2)n = K1 × K2, K(K1,K2) = K1 and K̂(K1,K2) = K1 × K2.
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We have LIM fn = f if and only if supn |fn| < ∞ and for all compact K1 ⊆ X and
K2 ⊆ Z and sequences (xn, zn) ∈ K1 × K2 and x ∈ KX such that xn → x, we have
fn(xn, zn) → f(x).
Note that the dependence of fn on zn should vanish in the limit.
4 Pseudo-resolvents and Hamilton-Jacobi equations
Having developed the topological and analytic machinery, we turn to the study of
pseudo-resolvents {R(λ)}λ>0 and viscosity solutions for Hamilton-Jacobi equations
f−λHf = h. In the linear context, the relation between pseudo-resolvents and ‘clas-
sical’ solutions to the Hamilton-Jacobi equation is well established. In particular,
pseudo-resolvents have been used as tools in the approximation theory of linear
semigroups and generators, see for example [15, Section 3.4]. We will show that the
linearity of these the involved operators, however, is not essential.
In this section, we will not consider approximation problems yet, and restrict our-
selves to the setting Y = X and γ(x) = x.
Definition 4.1 (Pseudo-resolvents). Consider a space X and a subset B such that
Cb(X) ⊆ B ⊆ M(X) on which we have a family of operators R(λ) : B→ B, for λ > 0.
We say that this family is a pseudo-resolvent if R(λ)0 = 0 for λ > 0 and if for all
α < β we have
R(β) = R(α)
(
R(β) − α
R(β) − 1
β
)
.
We extend our notion of strict continuity on bounded sets to a collection of operators
similar to what we did in Definition 3.22. Whereas in that Definition we worked with
bounded functions only, we extend to unbounded functions in the next definition. In
addition, we use that the constants that appear for pseudo-resolvents are typically
1.
Definition 4.2 (Local strict equicontinuity on bounded sets). Let B be a collection
of functions Cb(X) ⊆ B ⊆ M(X). We say that the pseudo-resolvent R(λ) : B → B is
locally strictly equicontinuous on bounded sets if for each λ0 > 0, each compact set
K ⊆ X and r, δ > 0, there is a compact set K̂ = K̂(K, δ, r, λ0) such that
sup
x∈K
|R(λ)f(x) − R(λ)g(x)| 6 δ sup
x∈X
|f(x) − g(x)|+ sup
x∈Kˆ(K,δ,r,λ0)
|f(x) − g(x)|
for all 0 < λ 6 λ0, f, g ∈ B such that |f| ∨ |g| 6 r.
Note that the present definition, restricted to a collection B0 ⊆ B ∩Mb(X), reduces
to a definition like the one in Definition 3.22.
The three main results of this section are
• Proposition 4.4, which shows that a pseudo-resolvent R such that R(λ)(f −
λHf) = f yields viscosity solutions to the Hamilton-Jacobi equation for H.
That is, shows if the pseudo-resolvent is a left-inverse (classically) of 1 − λH,
then it is also a right-inverse (in the viscosity sense). This implies that a
pseudo-resolvent can be used to identify the resolvent of H.
• Proposition 4.8 establishes the converse, viscosity solutions to the Hamilton-
Jacobi equation, if unique, can be used to construct a pseudo-resolvent.
• Proposition 4.10 shows that the pseudo-resolvent of the previous results can be
used to define a new operator, which satisfies the conditions of the Crandall-
Liggett theorem.
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Even though, we will always formally think of the Hamilton-Jacobi equation f −
λHf = h, we will work with two operators H†, H‡ instead. These operators should
be interpreted as a upper and lower bound of the ‘true’ H.
Thus, in all sections below we will work with H† ⊆ LSCl(X) × USCu(X) and H‡ ⊆
USCu(X)× LSCl(X) and study the Hamilton Jacobi equations
f− λH†f = h, f− λH‡f = h,
with λ > 0 and h ∈M(X).
Before proceeding with the announced results, we note that at various points, it is
of interest to know whether the domain of definition of the resolvents and operators
B includes Cb(X). At least for resolvents, we can under some assumptions include
Cb(X) in the domain by continuous extension. We will therefore henceforth work
with pseudo-resolvents that have Cb(X) included in their domain of definition.
Lemma 4.3. Suppose that R(λ) with domains Dλ is a pseudo-resolvent that is also
locally strictly equi-continuous on bounded sets. Suppose that
(a) R(λ) restricted to Dλ ∩ Cb(X) maps into Cb(X),
(b) Dλ ∩ Cb(X) is quasi-dense in Cb(X).
Then the restriction of R(λ) to Cb(X) can be extended to a pseudo-resolvent that is
locally strictly equi-continuous on bounded sets such that for each λ the domain of
this extension includes Cb(X).
Proof. By Lemma 3.10, the restriction of R(λ) to Dλ ∩ Cb(X) can be extended to
an operator Rˆ(λ) : Cb(X) → Cb(X) that satisfies property (b) of Proposition 3.8
(with the same choice of constants and compact set as in Definition 4.2). The
pseudo-resolvent property follows by continuity.
4.1 Pseudo-resolvents give solutions to the Hamilton-Jacobi
equation
Proposition 4.4. Let B be a collection of functions such that Cb(X) ⊆ B ⊆M(X).
Suppose that R(λ) : B → B is a contractive pseudo-resolvent. In addition, suppose
that we have two operators H† ⊆ LSCl(X) ∩ B × USCu(X) ∩ B and H‡ ⊆ USCu(X) ∩
B× LSCl(X) ∩ B.
Fix λ > 0 and h ∈M(X).
(a) Let h ∈ B and let H† be such that for all (f, g) ∈ H† and 0 < ε < λ we have
f > R(ε)(f− εg). Then (R(λ)h)∗ is a viscosity sub-solution to f− λH†f = h∗.
(b) Let h ∈ B and let H‡ be such that for all (f, g) ∈ H‡ and 0 < ε < λ, we have
f 6 R(ε)(f− εg). Then (R(λ)h)∗ is a viscosity super-solution to f− λH‡f = h∗.
To establish this result, we use an auxiliary lemma.
Lemma 4.5 (Lemma 7.8 in [20]). Let X be a some space and let f, g : X→ [−∞,∞]
be two functions.
(a) Suppose there is some ε0 > 0 such that f−εg ∈M(X) and supx f(x) 6 supx f(x)−
εg(x) < ∞ for all 0 < ε < ε0, then there is a sequence xn in X such that
limn f(xn) = supx f(x) and lim supn g(xn) 6 0.
(b) Suppose there is some ε0 > 0 such that f− εg ∈M(X) and infx f(x) > infx f(x)−
εg(x) > −∞ for all 0 < ε < ε0, then there is a sequence xn in X such that
limn f(xn) = infx f(x) and lim infn g(xn) > 0.
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Remark 4.6. The proof in Lemma 7.8 of [20] is not correct. In establishing
limn f(xn) = supx f(x) for (a), it is used that infx g(x) > −∞. This claim, how-
ever, is not true in general. Consider the following example. Let X = [0,1] and
set
f(x) =
{
log x if x 6= 0,
−∞ if x = 0, g(x) =
{
log x if x 6= 0,
0 if x = 0,
For all 0 < ε < 1 we have supx f(x) = supx f(x) − εg(x) = 0. However, it does not
hold that infx g(x) > −∞.
Proof. We only prove (a). Let 0 < εn < ε0 and εn → 0. For each n pick xn such
that
f(xn) 6 sup
x
f(x) 6 sup
x
f(x) − εng(x) 6 f(xn) − εng(xn) + ε
2
n. (4.1)
Combining the outer two-terms leads to lim supn g(xn) 6 limn εn = 0.
We now establish that limn f(xn) = supx f(x). To do so, we first prove lim infn g(xn) >
−∞. Fix ε ∈ (0, ε0). For each n, using (4.1), we have the following chain of inequal-
ities:
sup
x
f(x) − εg(x) > f(xn) − εg(xn)
= f(xn) − εng(xn) + ε
2
n − (ε− εn)g(xn) − ε
2
n
>
(
sup
x
f(x)
)
− (ε− εn)g(xn) − ε
2
n.
Suppose there is a subsequence xn(k) such that limk g(xn(k)) = −∞, then clearly
the right-hand side would diverge to ∞. This contradicts the boundedness of the
left-hand side.
From the second and final term in (4.1), we obtain(
sup
x
f(x)
)
+ εng(xn) − ε
2
n 6 f(xn).
Taking a lim inf on both sides, using that lim infn g(xn) > −∞, we find lim infn f(xn) >
supx f(x), which establishes limn f(xn) = supx f(x).
Proof of Proposition 4.4. We prove (a). Fix λ > 0 and h ∈ USCu(X) ∩ B. We prove
that (R(λ)h)∗ is a viscosity solution to f− λH†f = h∗. Fix (f, g) ∈ H†.
We use the pseudo-resolvent property of R with 0 < ε < λ, to re-express R(λ)h(x).
For f(x) we use the assumption in (a). We obtain:
sup
x
R(λ)h(x) − f(x)
6 sup
x
R(ε)
(
R(λ)h(x) − ε
R(λ)h(x) − h(x)
λ
)
− R(ε) (f(x) − εg(x))
6 sup
x
R(λ)h(x) − ε
R(λ)h(x) − h(x)
λ
− (f(x) − εg(x)),
where we have used the contractivity of R(ε) to obtain the final inequality. Note
that we use that the domain and range of H† are contained in B to be able to write
down R(λ) and R(ε) applied to h and f−εg. Next, we take the upper semi-continuous
regularization. As ε < λ and f, f− εg ∈ LSCl(X), we obtain
sup
x
(R(λ)h)
∗
(x) − f(x) 6 sup
x
(R(λ)h)
∗
(x) − ε
(R(λ)h)
∗
(x) − h∗(x)
λ
− (f(x) − εg(x))
This establishes (a) of Lemma 4.5 which then yields that (R(λ)h)∗ is a viscosity
subsolution to f− λH†f = h∗.
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4.2 Solutions to the Hamilton-Jacobi equation give a pseudo-
resolvent
In this section we prove the converse statement, namely that viscosity solutions give
rise to a pseudo-resolvent. We start with an auxiliary lemma that will be key to
recovering the pseudo-resolvent property for solutions of viscosity solutions.
Lemma 4.7. Let H† ⊆ LSCl(X) × USCu(X) and H‡ ⊆ USCu(X) × LSCl(X). Fix
λ > ε > 0 and h ∈M(X). Then
(a) A subsolution u to f− λH†f = h is a subsolution to f− εH†f = u− εu−hλ .
(b) A supersolution v to f− λH†f = h is a supersolution to f− εH†f = v− εv−hλ .
Proof. We prove (a) only. Let (f, g) ∈ H† and let xn be sequence such that
limn u(xn) − f(xn) = supx u(x) − f(x) and lim supn u(xn) − λg(xn) − h(xn) 6 0.
Because
u(xn) − εg(xn) −
(
u(xn) − ε
u(xn) − h(xn)
λ
)
=
ε
λ
(u(xn) − λg(xn) − h(xn)) ,
it follows that u is a viscosity subsolution to f− εH†f = u− ε
u−h
λ
.
Proposition 4.8. Let H† ⊆ LSCl(X) × USCu(X) and H‡ ⊆ USCu(X) × LSCl(X).
Suppose that for each λ > 0 and h ∈ Cb(X) the comparison principle holds for
f− λH†f = h, f− λH‡f = h. (4.2)
Suppose that there exists a viscosity solution to (4.2) for all λ > 0 and h ∈ Cb(X).
Denote this unique solution by R(λ)h. Then R(λ) forms a contractive pseudo-
resolvent on Cb(X).
Remark 4.9. The proposition has the drawback that we have to assume the com-
parison principle for all h ∈ Cb(X) and λ > 0. In practice, often one only has the
comparison principle for a dense set of functions. The result does show that we
should expect the pseudo-resolvent property to hold. Thus, if one has a method to
produce viscosity solutions R(λ)h via some other means, like a limiting procedure,
or an explicit formula, one can aim to prove the pseudo-resolvent property directly.
Proof of Proposition 4.8. Let 0 < ε < λ and h ∈ Cb(X). Let R(λ)h be the unique
viscosity solution to f − λH†f = h and f − λH‡f = h. Note that by the comparison
principle R(λ)h ∈ Cb(X).
By the comparison principle R(λ) is contractive. We next establish that R(λ) is a
pseudo-resolvent. By Lemma 4.7, we find for h ∈ D that R(λ)h is a viscosity solution
to
f− εH†f = R(λ)h− ε
R(λ)h− h
λ0
, f− εH‡f = R(λ)h− ε
R(λ)h− h
λ
.
As h and R(λ)h ∈ Cb(X), we find by the comparison principle for (4.2) with ε instead
of λ that
R(λ)h = R(ε)
(
R(λ)h− ε
R(λ)h− h
λ
)
.
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4.3 Defining a Hamiltonian using a pseudo-resolvent
We proceed by showing that a pseudo-resolvent can be used to define a Hamiltonian,
so that the pseudo-resolvent gives both classical and viscosity solutions to the as-
sociated Hamilton-Jacobi equation. Thus, this newly defined operator satisfies the
conditions for the Crandall-Liggett theorem, and can be used for approximation
arguments.
Proposition 4.10. Let R(λ) : Cb(X) → Cb(X) be a contractive pseudo-resolvent.
Define the operator
Ĥ =
{(
R(λ)h,
R(λ)h− h
λ
) ∣∣∣∣ λ > 0, h ∈ Cb(E)}
For all h ∈ Cb(E) and λ > 0:
(a) For all λ > 0 and h ∈ Cb(X) the comparison principle holds for f − λĤf = h,
and R(λ)h is the unique viscosity and classical solution.
(b) Ĥ is dissipative and satisfies the range condition.
The proposition is mainly useful in combination with Proposition 4.8. Namely,
viscosity solutions for (4.2) can be used to define a contractive pseudo-resolvent.
Which by this proposition can be used to define a new operator that satisfies the
conditions for the Crandall-Liggett result. Alternatively, one constructs a contrac-
tive pseudo-resolvent via an approximation argument as we will do below in Section
5.
We start by establishing a natural property for sub- and supersolutions of Hamilton-
Jacobi equations. We mention it separately for later use.
Lemma 4.11. Let H† ⊆ LSCl(X) × USCu(X) and H‡ ⊆ USCu(X) × LSCl(X). Fix
ε > 0.
(a) Let (f0, g0) ∈ H†. Suppose that fˆ is a viscosity subsolution to f−εH†f = f0−εg0,
then fˆ 6 f0.
(b) Let (f0, g0) ∈ H‡. Suppose that fˆ is a viscosity supersolution to f − εH‡f =
f0 − εg0, then fˆ > f0.
Proof. We only prove (a). Fix ε > 0, (f0, g0) ∈ H† and let fˆ be a viscosity subsolution
to f− εH†f = f0 − εg0. Then there is a sequence xn such that
lim
n
fˆ(xn) − f0(xn) = sup
x
fˆ(x) − f0(x)
and
lim sup
n
fˆ(xn) − εg0(xn) − (f0 − εg0)(xn) 6 0.
We obtain supx fˆ(x)− f0(x) = lim supn fˆ(xn)− f0(xn) 6 0 establishing the claim.
Proof of Proposition 4.10. We prove the comparison principle. Fix λ > 0 and
h1, h2 ∈ D. By construction R(λ)h1 and R(λ)h2 solve f − λĤf = hi classically.
Let u be a subsolution to f − λĤf = h1 and v a supersolution to f − λĤf = h2.
By Lemma 4.11 (a) for Ĥ instead of H† and (f0, g0) =
(
R(λ)h1,
R(λ)h1−h1
λ
)
, we find
u 6 R(λ)h1. Because R(λ) is contractive, we find
sup
x
u(x) − v(x) 6 sup
x
R(λ)h1(x) − R(λ)h2(x) 6 sup
x
h1(x) − h2(x),
establishing the comparison principle for f− λĤf = h.
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Next, we prove that R(λ)h is a viscosity subsolution to f−λĤf = h with an argument
similar to that of Proposition 4.4. Pick R(µ)h0 ∈ D(Ĥ). By the pseudo-resolvent
property of R, see Proposition 4.8, and the contractivity of R, we find for 0 < ε < λ∧µ
that
sup
x
R(λ)h(x) − R(µ)h0(x)
= sup
x
R(ε)
(
R(λ)h− ε
R(λ)h− h
λ
)
(x) − R(ε)
(
R(µ)h0 − ε
R(µ)h0 − h0
µ
)
(x)
6 sup
x
R(λ)h(x) − ε
R(λ)h(x) − h(x)
λ
−
(
R(µ)h0(x) − ε
R(µ)h0(x) − h0(x)
µ
)
.
By Lemma 4.5, we conclude that R(λ)h is a viscosity subsolution to f − λĤf = h.
The super-solution property follows similarly.
Thus, by the comparison principle, R(λ)h is the unique viscosity solution to f−λHf =
h. Finally, suppose that f0 is another classical solution to f− λĤf = h. Thus, there
is a g0 such that (f0, g0) ∈ Ĥ and f0 − λg0 = h. As R(λ)f is a viscosity solution to
f − λĤf = h, and hence to f − λĤf = f0 − λg0, we find again by Lemma 4.11 that
f0 = R(λ)h.
Finally, we establish (b). Note that the range condition for Ĥ is satisfied by con-
struction. We establish dissipativity. By construction, there is some λ > 0 and
h ∈ Cb(X) such that f1 = R(λ)h and g1 = λ−1(f1 − h). As R(λ)h is a viscosity
subsolution to f− λĤf = h by (a), there are xn such that
lim
n
f1(xn) − f2(xn) = sup
x
f1(x) − f2(x),
lim sup
n
g1(xn) − g2(xn) 6 0.
This implies for all µ > 0 that
sup
x
f1(x) − µg1(x) − (f2(x) − µg2(x)) > lim sup
n
f1(xn) − µg1(xn) − (f2(xn) − µg2(xn))
= lim
n
f1(xn) − f2(xn) = sup
x
f1(x) − f2(x).
A similar argument using the supersolution property yields the other inequality for
the infima. We conclude that for all µ > 0:
|f1 − µg1 − (f2 − µg2)| > |f1 − f2|
establishing dissipativity of Ĥ.
4.4 The pseudo-resolvent yields viscosity solutions via a den-
sity argument
We introduce a final tool in the study of pseudo-resolvents R(λ) and viscosity solu-
tions to Hamilton-Jacobi equations
f− λH†f = h1, f− λH†f = h2. (4.3)
In Proposition 4.8, we showed that if we can solve (4.3) in the viscosity sense for all
λ > 0 and h ∈ Cb(X), then the comparison principle is sufficient to establish that
the solutions R(λ) form a contractive pseudo-resolvent.
Often, however, one can construct a pseudo-resolvent R(λ) such that R(λ)h solves
(4.3) in the viscosity sense for λ > 0 and h = h1 = h2 ∈ D, where D ⊆ Cb(X)
is quasi-dense. Thus, the main step to establish the pseudo-resolvent property in
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the proof cannot be carried out. This happens for example in the construction in
Theorem 5.7. Even though there we can establish the pseudo-resolvent property by
approximation, this situation is not completely satisfying.
The result below gives an alternative that does not need an explicit form for the
resolvent, or that it is the limit of a sequence of pseudo-resolvents.
A second reason to establish that R(λ)h gives viscosity solutions for all h ∈ Cb(X) is
that this property can be used as input for follow-up arguments, see e.g. Condition
5.5 below.
The argument below is based on compactness and quasi-density of D in Cb(X).
Proposition 4.12. Let X be a space in which compact sets are metrizable. For
each λ > 0 let R(λ) : Cb(X) → Cb(X) be an operator that is strictly continuous on
bounded sets. Let D be quasi-dense in Cb(X).
Then (i) and (ii) hold.
(i) Let H†, H˜† ⊆ LSCl(X)×USCu(X) be two operators such that
(a) For each h ∈ Cb(X) and λ > 0, if f is a viscosity sub-solution to f−λH†f = h
then it is a viscosity subsolution to f− λH˜†f = h.
(b) Each function f ∈ D(H˜†) has compact sub-levelsets.
Suppose that R(λ)h is a viscosity subsolution to f−λH†f = h for all h ∈ D and
λ > 0. Then R(λ) is a viscosity subsolution to f − λH˜†f = h for all h ∈ Cb(X)
and λ > 0.
(ii) Let H‡, H˜‡ ⊆ USCu(X)× LSCl(X) be two operators such that
(a) For each h ∈ Cb(X) and λ > 0, if f is a viscosity super-solution to f−λH‡f =
h then it is a viscosity supersolution to f− λH˜‡f = h.
(b) Each function f ∈ D(H˜‡) has compact super-levelsets.
Suppose that R(λ)h is a viscosity supersolution to f − λH‡f = h for all h ∈ D
and λ > 0. Then R(λ) is a viscosity supersolution to f − λH˜‡f = h for all
h ∈ Cb(X) and λ > 0.
Remark 4.13. The conditions sketched above are satisfied in a wide range of
situations. Consider for example a Hamiltonian H : R×R → R in terms of location
x ∈ R and momentum p ∈ R (the argument easily extends to e.g. manifolds). We
assume that p 7→ H(x, p) is convex for all x.
Assume there is a continuously differentiable function Υ that has compact sub-level
sets and is such that supxH(x,Υ
′(x)) 6 c for some c ∈ R.
The condition in (i) then holds for the operator (H†,D(H†)) defined by
D(H†) := C
1
b(R), ∀ f ∈ C
1
b(R) : H†f(x) = H(x, f
′(x)),
and the operator (H˜†,D(H˜†)) defined by
D(H˜†) :=
⋃
ε∈(0,1)
{
(1− ε)f+ εΥ
∣∣ f ∈ C1b(R)}
∀ f˜ := (1− ε)f+ εΥ : H˜†f˜(x) = (1− ε)H†f(x) + εc.
For a proof of (a) one uses convexity and e.g. methods like Lemmas 7.6 and 7.7
in [20]. For an application of these lemmas, see e.g. Section A.2 in [8].
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Proof of Proposition 4.12. We only prove (a). Fix h ∈ Cb(X) and λ > 0.
Pick (f, g) ∈ H˜†. As f has compact sub-level sets, the set K := {x | f(x) 6 2 |h|} is
compact. By quasi-density of D in Cb(X), there are hn such that supn |hn| 6 2 |h|
and supx∈K |h(x) − hn(x)| 6 n
−1.
By the viscosity subsolution property, the fact that f has compact level-sets, and
supn |hn| 6 2 |h|, there are xn ∈ K such that
R(λ)hn(xn) − f(xn) = sup
x
R(λ)hn(x) − f(x),
R(λ)hn(xn) − λg(xn) 6 hn(xn).
(4.4)
Because K is compact and metrizable, we can assume without loss of generality that
xn converges to x0. hn converges uniformly to h on K. As R(λ) is strictly continuous
on bounded sets also R(λ)hn converges uniformly on K to R(λ)h. Thus, we can take
limit in the first equation and lim sup in the second equation of (4.4) to obtain
R(λ)h(x0) − f(x0) = sup
x
R(λ)h(x) − f(x)
R(λ)hn(x0) − λg(x0) 6 h(x0).
Note that we used that g is upper semi-continuous to obtain the correct inequality.
These two equations establish that R(λ)h is a viscosity solution f− λH˜†f = h.
5 Convergence of resolvents
We now turn to the main question of the paper: that of approximation. Our first
goal is to establish that viscosity solutions to f− λHnf = h converge to a viscosity
solution of the equation f− λHf = h. All arguments will be based in the context of
converging spaces.
As mentioned in the introduction some problems, e.g. slow-fast or multi-scale
systems lead to natural limiting Hamiltonians that are multi-valued as a graph
H ⊆ Cb(X)× Cb(Y), where Y is some larger space that takes into account the fast
variable or the additional scales. The notions of convergence of functions that are
relevant have been introduced in Sections 3.5 and 3.7.
5.1 From convergence of Hamiltonians to convergence of re-
solvents
A first notion of a limit of Hamiltonians is given by the notion of an extended
limit. This notion is essentially the extension of the convergence condition for
generators from the setting of the Trotter-Kato approximation theorem to a more
general context. The generalization is made to include operators defined on different
spaces, and is also applicable to non-linear operators as well. See e.g. the works of
Kurtz and co-authors [16, 20, 28, 29].
We define this notion for the setting in which X = Y.
Definition 5.1. Consider the setting of Assumptions 3.11 and 3.13. Suppose that
for each n we have an operator Hn ⊆ Mb(Xn) × Mb(Xn). The extended limit
ex − LIMnHn is defined by the collection (f, g) ∈ Mb(X)×Mb(X) such that there
exist (fn, gn) ∈ Hn with the property that LIMn fn = f and LIMn gn = g.
We aim to have a more flexible notion of convergence by replacing all operators Hn
and H by operators (Hn,†, Hn,‡, H†, H‡) that intuitively form natural upper and lower
bounds for Hn and H. We will also generalize by considering limiting Hamiltonians
that take values in the set of functions on Y instead of X.
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Definition 5.2. Consider the setting of Assumptions 3.26 and 3.27. Suppose
that for each n we have two operators Hn,† ⊆ LSCl(Xn) × USCu(Xn) and Hn,‡ ⊆
USCu(Xn)× LSCl(Xn).
(a) The extended sub-limit ex − subLIMnHn,† is defined by the collection (f, g) ∈
H† ⊆ LSCl(X)×USCu(Y) such that there exist (fn, gn) ∈ Hn,† satisfying
LIM fn ∧ c = f∧ c, ∀ c ∈ R, (5.1)
sup
n
sup
x∈Xn
gn(x) <∞, (5.2)
and if for any q ∈ Q and sequence zn(k) ∈ K
q
n(k)
(with k 7→ n(k) strictly increas-
ing) such that limk η̂n(k)(zn(k)) = η̂(y) in Y with limk fn(k)(zn(k)) = f(γ(y)) <∞
we have
lim sup
k→∞ gn(k)(zn(k)) 6 g(y). (5.3)
(b) The extended super-limit ex−superLIMnHn,‡ is defined by the collection (f, g) ∈
H‡ ⊆ USCu(X)× LSCl(Y) such that there exist (fn, gn) ∈ Hn,‡ satisfying
LIM fn ∨ c = f∨ c, ∀ c ∈ R, (5.4)
inf
n
inf
x∈Xn
gn(x) > −∞, (5.5)
and if for any q ∈ Q and sequence zn(k) ∈ K
q
n(k)
(with k 7→ n(k) strictly increas-
ing) such that limk η̂n(k)(zn(k)) = η̂(y) in Y with limk fn(k)(zn(k)) = f(γ(y)) >
−∞ we have
lim inf
k→∞ gn(k)(zn(k)) > g(y). (5.6)
Remark 5.3. The conditions in (5.2) and (5.3) are implied by LIMSUPn gn 6 g
and (5.5) and (5.6) are implied by LIMINFn gn > g.
It is not clear to the author whether a weakened symmetric statement in which
(5.1) is replaced by LIMINF fn > f and (5.4) by LIMSUP fn 6 f is possible.
Remark 5.4. The notion of ex− subLIM and ex− superLIM follows closely Condi-
tion 7.11 [20]. Note, however, that our definition does away with the first conditions
in (7.19) and (7.22), which in [20] are used in a crucial way in controlling the approx-
imation of Hn by operators Hεn that are constructed from the Yosida approximant
Aεn of the linear operator An.
Given our main conditions on upper and lower bounds for sequences of Hamiltoni-
ans, we can state the main condition for our approximation result.
Condition 5.5. Consider the setting of Assumptions 3.26 and 3.27.
There are sets Bn ⊆ M(Xn), contractive pseudo-resolvents Rn(λ) : Bn → Bn, λ > 0,
operators
Hn,† ⊆ LSCl(Xn) ∩ Bn ×USCu(Xn) ∩ Bn,
Hn,‡ ⊆ USCu(Xn) ∩ Bn × LSCl(Xn) ∩ Bn,
and
H† ⊆ LSCl(X)×USCu(Y), H‡ ⊆ USCu(X)× LSCl(Y).
These spaces and operators have the following properties:
(a) There is a M > 0 such that for each h ∈ Cb(X) there are hn ∈ Bn such that
LIMhn = h and supn |hn| 6 M |h|
(b) H† ⊆ ex− subLIMHn,† and H‡ ⊆ ex− superLIMHn,‡;
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(c) For each n > 1, λ > 0 and h ∈ Bn the function (Rn(λ)h)∗ is a viscosity sub-
solution to f − λHn,† = h. Similarly, (Rn(λ)h)∗ is a viscosity supersolution to
f− λHn,‡f = h.
(d) We have local strict equi-continuity on bounded sets: for all q ∈ Q, δ > 0 and
λ0 > 0, there is a qˆ ∈ Q such that for all n and h1, h2 ∈ Bn and 0 < λ 6 λ0 that
sup
y∈K
q
n
{Rn(λ)h1(y) − Rn(λ)h2(y)} 6 δ sup
x∈Xn
{h1(x) − h2(x)}+ sup
y∈K
qˆ
n
{h1(y) − h2(y)} .
Remark 5.6. As a follow up on Remark 3.19, note that (b) and (d) reflect a careful
balance. Proving (d) will be relatively easy if one chooses large sets for Kqn, which
leads to a difficulties in (b). Context specific knowledge is needed for a proper
choice.
We briefly discuss the relevance of our four conditions and a sketch of the proof.
• Conditions (b) and (c) are aimed at showing that LIMSUPn Rn(λ)hn yields
a viscosity subsolution to f − λH†f = h, whereas LIMINFn Rn(λ)hn yields a
viscosity supersolution to f−λH‡f = h if LIMhn = h. In combination with the
comparison principle for h in a quasi-dense setD, we obtain a viscosity solution
for h ∈ D that we call R(λ)h. In addition, we obtain that LIMRn(λ)hn =
R(λ)h.
• Using Proposition 3.24, the operator R(λ) extends to Cb(X) on which it is
strictly continuous on bounded sets. In particular the operator is contractive.
• The operator R(λ) is a pseudo-resolvent as it is the limit of pseudo-resolvents.
Some technical difficulties need to be settled. The main idea for our the first step of
our strategy is to apply the method that was also used in the proof of Proposition
4.8. Here we used contractivity of the resolvent and Lemma 4.5. In this setting, we
need to take care of our special notion of LIM. Thus, we need to replace contractivity
by control along compact subsets Kqn for a fixed q. This is the main aim of Condition
(d).
Theorem 5.7. Let Condition 5.5 be satisfied. Let D ⊆ Cb(X) be quasi-dense in
Cb(X). Suppose that for each λ > 0 and h ∈ D the comparison principle holds for
f− λH†f = h, f− λH‡f = h. (5.7)
Then there is a collection of operators R(λ) : Cb(X)→ Cb(X) such that
(a) For each h ∈ D and λ > 0 the function R(λ)h is a viscosity subsolution to
f− λH†f = h and a viscosity supersolution to f− λH‡f = h.
(b) The operators are locally strictly equi-continuous on bounded sets.
(c) The operators form a pseudo-resolvent.
(d) For λ > 0, hn ∈ Bn and h ∈ Cb(X) such that LIMhn = h, we have LIMRn(λ)hn =
R(λ)h.
We state the main argument for the theorem as a separate proposition as it is valid
in a context that goes slightly beyond the theorem.
Proposition 5.8. Let Condition 5.5 be satisfied. Let hn ∈M(Xn).
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(a) Let hn ∈M(Xn), h ∈ USCu(X) and suppose that LIMSUPn hn 6 h. Define
F := LIMSUP
n
Rn(λ)hn,
then F
∗
is a viscosity subsolution to f− λH†f = h.
(b) Let hn ∈M(Xn), h ∈ LSCl(X) and suppose that LIMINFn hn > h. Define
F := LIMINF
n
Rn(λ)hn,
then F∗ is a viscosity supersolution to f− λH‡f = h.
It should be noted that the proof of this proposition does not use Condition 5.5 (a).
The main idea of the proof of the proposition is based on the proof of Lemma 7.14
in [20], but improves on this result in terms of the three properties mentioned in
the introduction: applicability outside of the context of large deviations, operators
Hn,†, Hn,‡ instead of Hn and the possibility to work in X instead of in X.
Proof of Proposition 5.8. We only prove (a). Note first of all that by contractivity
of Rn(λ), we have
sup
n
sup
x∈Xn
Rn(λ)hn(x) 6 sup
n
sup
x∈Xn
hn(x) <∞, (5.8)
so that we can indeed write down F := LIMSUPRn(λ)hn.
We prove that f := F
∗
is a viscosity subsolution of f − λH†f = h. First of all, f is
upper semi-continuous by construction. Second, f is bounded from above as seen
above as a consequence of (5.8). We will prove that f also satisfies the final property
of the definition of subsolutions. As in the proof of Proposition 4.4, we use Lemma
4.5(a).
Thus, for (f0, g0) ∈ H† it suffices to prove that for 0 < ε < λ
sup
y
{
F(γ(y)) − f0(γ(y))
}
(5.9)
6 sup
y
{(
F(γ(y)) − ε
(
F(γ(y)) − h(γ(y))
λ
))
− (f0(γ(y)) − εg0(y))
}
<∞,
as we can replace F by its upper semi-continuous regularization f first on the right
and then on the left-side of the inequality. Note that the lemma indeed suffices to
establish the sub-solution property as for any function φ on X, we have supxφ(x) =
supy φ(γ(x)) because γ is surjective.
We extend the proof of Proposition 4.4. In that proof, we used that the pseudo-
resolvent is contractive. In this case, we have to pass to the limit using the adapted
notion of convergence. Thus, we replace contractivity by strict equi-continuity on
bounded sets, Condition 5.5 (d).
For every n > 1 set fn := Rn(λ)hn and gn :=
fn−hn
λ
. Note that fn is well defined
as hn ∈ Bn. By assumption there are (fn,0, gn,0) ∈ Hn,† such that (5.1), (5.2) and
(5.3) are satisfied. Let ε ∈ (0, λ) and define
hεn := fn − εgn = fn − ε
fn − hn
λ
, hεn,0 := fn,0 − εgn,0. (5.10)
Note the following
(1) fn = Rn(ε)hεn because Rn is a pseudo-resolvent;
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(2) As the domain and range of Hn,† are contained in Bn, we can apply Rn(ε) to
hεn,0. By Condition 5.5 (c) and Lemma 4.11 we find fn,0 > (Rn(ε)h
ε
n,0)
∗ >
Rn(ε)h
ε
n,0.
(3) Finally
sup
n
hεn(x) 6 sup
n
hn(x) =: M1 <∞,
inf
n
hεn,0(x) > inf
n
fn,0 − ε sup
n
gn,0 =: M2 > −∞. (5.11)
The first equality follows by LIMSUPn hn 6 h and ε < λ, whereas the second
inequality follows by (5.1) and (5.2). Denote by M := M1 −M2.
Pick x ∈ X. Pick any q ∈ Q such that x ∈ Kq and such that there are xn ∈ K
q
n which
satisfy ηn(xn) → η(x) in X (There is at least one such q by Assumption 3.27 (c)).
Now take δ ′ > 0 arbitrary. By (5.11) and Condition 5.5 (d), we find qˆ ∈ Q such
that for all n, functions φ1, φ2 ∈ Bn satisfying supy∈Xn φ1(y) − φ2(y) 6M
sup
y∈K
q
n
Rn(ε)φ1(y) − Rn(ε)φ2(y) 6 δ
′M+ sup
y∈K
qˆ
n
φ1(y) − φ1(y)
Fix δ = Mδ ′, which we can choose arbitrarily small by choosing δ ′ small. In addition,
we can find z ∈ Kqˆn such that
sup
y∈K
q
n
Rn(ε)φ1(y)−Rn(ε)φ2(y) 6 δ+ sup
y∈K
qˆ
n
φ1(y)−φ1(y) 6 2δ+φ1(z)−φ2(z). (5.12)
For next computation, we use (1) and (2) in line 3, Equation (5.10) in line 5 and
for line 4 we find zn ∈ K
q̂
n such that Equation (5.12) holds for all n and hεn, h
ε
n,0
instead of φ1, φ2. This gives
fn(xn) − fn,0(xn) (5.13)
6 sup
y∈K
q
n
fn(y) − fn,0(y)
6 sup
y∈K
q
n
Rn(ε)h
ε
n(y) − Rn(ε)h
ε
n,0(y)
6 2δ + hεn(zn) − h
ε
n,0(zn)
6 2δ +
(
fn(zn) − ε
fn(zn) − hn(zn)
λ
)
− (fn,0(zn) − εgn,0(zn)) .
Recall that our aim is to prove (5.9). Our next step is to take a lim supn on both
sides of the inequality. To study this limsup, we see that only the term gn,0 is not
yet understood in terms of its limiting behavior. Our aim is to apply (5.3), for
which we need to construct a subsequence n(k) for which η̂n(k)(zn(k)) → η̂(y) in Y
with y ∈ K̂qˆ satisfying fqˆ
n(k),0
(zn(k)) → f0(γ(y)).
Without loss of generality, we assume that
lim sup
n
fn(xn) − fn,0(xn) > −∞,
as there is nothing to prove otherwise. Again without loss of generality, we restrict
to a subsequence n(k) of n such that
• the lim sup on the left-hand side of (5.13) is achieved as a limit:
lim sup
n
fn(xn) − fn,0(xn) = lim
k
fn(k)(xn(k)) − fn(k),0(xn(k)) > −∞, (5.14)
• there is some y ∈ K̂qˆ with limk ηˆn(k)(zn(k)) = ηˆ(y). This is possible due to Def-
inition 3.27 (b). Note that by continuity of γˆ : Y → X also limk ηn(k)(zn(k)) =
η(γ(y)) with γ(y) ∈ Kq (Assumption 3.27 (d)).
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We first consider the lim infk over both sides of the inequality (5.13). By our
assumption (5.14) on xn(k) we find
lim inf
k
(
fn(zn) − ε
fn(zn) − hn(zn)
λ
)
− (fn,0(zn) − εgn,0(zn)) > −∞.
By (5.8) the sequences {fn}n>1 and {hn}n>1 are uniformly bounded from above and
by assumption (5.2) we have a uniform upper bound on {gn,0}n>1. This leads to
lim sup
k
fn(k),0(zn(k)) <∞.
By (5.1), choosing c larger than this lim sup, we find limk fn(k),0(zn(k)) = f0(γ(y)),
which established also the condition for the application of (5.3). Taking the lim supk
over both sides of (5.13), we find
lim sup
n
fn(xn) − fn,0(xn) = lim
k
fn(k)(xn(k)) − fn(k),0(xn(k))
6 2δ+
(
F(γ(y)) − ε
F(γ(y)) − h(γ(y))
λ
)
− (f0(γ(y)) − εg0(y)) .
Now we take the supremum over y on the right-hand side. Afterwards, we send
δ → 0. This gives the correct right-hand side for (5.9). Next, we work on the left-
hand side. We take a supremum over all q and sequences ηn(xn) → η(x) in X with
xn ∈ K
q
n, followed by a supremum over x This establishes (5.9) which concludes the
proof.
Proof of Theorem 5.7. Fix λ > 0, h ∈ D and hn ∈ Bn with LIMhn = h. Let F
and F be as in Proposition 5.8. By construction, it follows that F > F. By the
comparison principle, we also have F∗ 6 F
∗
. The combination of these inequalities
yields F = F∗ = F = F
∗
. Denote this function by Rˆ(λ)h, which is therefore the unique
viscosity solution to (5.7).
Following Proposition 3.24, define
D(R(λ)) = {h ∈ Cb(X) |∃hn ∈ Bn : LIMhn = h, LIMRn(λ)hn exists and is continuous}
and R(λ)h = LIMRn(λ)hn. By the argument above, R(λ) extends Rˆ(λ). By Propo-
sition 3.24 D(R(λ)) is quasi-closed, and as D is quasi-dense in Cb(X) by assumption
we find D(R(λ)) = Cb(X). In addition Proposition 3.24 D(R(λ)) yields that R(λ) is
strictly continuous on bounded sets.
The pseudo-resolvent property follows by continuity from that of the operators Rn.
The local strict continuity on bounded sets can be proven by making the estimates
in the proof of Proposition 3.24 (a) uniform for λ with 0 < λ 6 λ0, using the uniform
choice of qˆ as in Condition 5.5 (d).
6 Convergence of semigroups
Theorem 6.1. Let Condition 5.5 be satisfied. Suppose in addition that for all n
we have a collection of functions Bn such that: Cb(Xn) ⊆ Bn ⊆M(Xn) and suppose
that Rn(λ)Cb(Xn) ⊆ Cb(Xn).
Let D ⊆ Cb(X) be quasi-dense in Cb(X). Suppose that for each λ > 0 and h ∈ D the
comparison principle holds for
f− λH†f = h, f− λH‡f = h.
Denote by R(λ) : Cb(X) → Cb(X) the operators constructed in Theorem 5.7
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Consider the operators
Ĥn :=
⋃
λ
{(
Rn(λ)h,
Rn(λ)h− h
λ
) ∣∣∣∣h ∈ Cb(Xn)} , (6.1)
Ĥ :=
⋃
λ
{(
R(λ)h,
R(λ)h− h
λ
) ∣∣∣∣h ∈ Cb(X)} , (6.2)
as in Proposition 4.10.
Let Vn(t) and V(t) be the operator semigroups on the uniform closures of D(Ĥn)
and D(Ĥ) generated by Ĥn and Ĥ as in the Crandall-Ligget theorem, see Theorem
3.3.
Suppose that the semigroups Vn(t) are strictly equi-continuous on bounded sets: for
all q ∈ Q, δ > 0 and t0 > 0, there is a qˆ ∈ Q such that for all n and h1, h2 ∈ Bn and
0 6 t 6 t0 that
sup
y∈K
q
n
{Vn(t)h1(y) − Vn(t)h2(y)} 6 δ sup
x∈Xn
{h1(x) − h2(x)}+ sup
y∈K
qˆ
n
{h1(y) − h2(y)} .
Denote by D and the quasi-closure of the uniform closure of D(Ĥ). Then
(a) We have Ĥ ⊆ ex−LIM Ĥn as in Definition 3.15. That is, for all (f, g) ∈ Ĥ there
are (fn, gn) ∈ Ĥn such that LIM fn = f and LIMgn = g.
(b) The semigroup V(t) extends to the quasi-closure D of D(Ĥ) on which it is locally
strictly equi-continuous on bounded sets.
(c) For each f ∈ D there are fn in the uniform closures of D(Ĥn) such that LIM fn =
f.
(d) If fn are in the uniform closures of D(Ĥn) and f ∈ D such that LIM fn = f and
tn → t then LIMVn(tn)fn = V(t)f.
Remark 6.2. For applications it is of interest to know whether D(Ĥ) is quasi-dense
in Cb(X). If the resolvent is obtained as in Theorem 5.7 and LIMRn(λ)h = h as λ ↓ 0
for all n, then this can sometimes be established directly from an approximation
procedure, see for example Lemma 7.19 in [20]. This is indeed what one would
expect from a Crandall-Liggett theorem for the strict topology. Another possibility
is to find an explicit expression for the resolvent and verify this property directly.
We will pursue a third possibility below, see Proposition 7.1, that is based on a
comparison principle.
The main step to go from the result of Theorem 5.7 to that of above theorem is an
approximation argument by Kurtz: Theorem 3.2 of [29]. The key argument in the
approximation result is the embedding of all spaces and semigroups in a common
product space. The notion of LIM is embedded into this product space as a closed
subspace. We study these spaces in next proposition.
Proposition 6.3. Let Assumptions 3.11 and 3.13 be satisfied. The space
L :=
{
〈f, {fn}〉
∣∣∣∣ fn ∈Mb(Xn), f ∈Mb(X), sup
n
|fn| <∞} ,
equipped with the norm |〈f, {fn}〉| = |f| ∨ supn |fn| is a Banach space. Set
P := {(〈f, {fn}〉, f) ∈ L×Mb(X) |LIM fn = f} .
The set P is a closed linear subspace L ×Mb(X) and P interpreted as an operator
from L to Mb(X) satisfies |P| 6 1.
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In the proposition, we do not consider for which f there are fn such that f = LIM fn.
We assume this e.g. in Condition 5.5 (a). In particular cases, however, surjectivity
of P can be established directly.
Lemma 6.4. Suppose that X is a normal space and that the maps ηn : Xn → X are
continuous and that η : X → X is a homeomorphism onto its image. Then for each
f ∈ Mb(X) there are fn ∈ Mb(Xn) such that LIM fn = f. If f ∈ Cb(X), then fn can
be chosen in Cb(Xn).
Proof. First let f ∈ Cb(X). The function g := f ◦ η−1 is a continuous function with
norm |f| on η(X) ⊆ X. By the Tietze extension Theorem, it extends to a continuous
function g on X with norm |g| = |f|. We then define fn := g ◦ ηn, which leads to
|fn | 6 |f|. Next, let xn ∈ K
q
n and x ∈ Kq such that ηn(xn) → η(x). Because g is
continuous, we find that g(ηn(xn)) → g(η(x)) implying that fn(xn) → f(x). Thus
LIM fn = f. The result for Mb(X) then follows from the monotone class theorem,
see e.g. Theorem 2.12.9 in [4].
Remark 6.5. Note that in the use of the Monotone class theorem, we establish the
result for functions that are bounded and measurable with respect to the σ-algebra
generated by all bounded and continuous functions. For a general topological space
this implies the final result holds for the set of bounded and measurable functions
with respect to the Baire σ-algebra. In the case that X is Polish, the Baire and
Borel σ algebra’s coincide. More general, this holds for perfectly normal spaces, see
Proposition 6.3.4 in [4].
Proof of Proposition 6.3. That L is a Banach space, as that P is linear, is immedi-
ate. We establish that P is norm closed. Let fkn, fn ∈ Mb(Xn) and f
k, f ∈ Mb(X)
such that for all k: LIM fkn = f
k and limk
(∣∣∣∣f− fk∣∣∣∣∨ supn ∣∣∣∣fkn − fn∣∣∣∣) = 0. We prove
LIM fn = f.
First of all, let k be such that supn
∣∣∣∣fkn − fn∣∣∣∣ 6 1. Then |fn| 6 ∣∣∣∣fn − fkn∣∣∣∣ + ∣∣∣∣fkn∣∣∣∣ 6
1 +
∣∣∣∣fkn∣∣∣∣. The final term is bounded as LIM fkn = fk. For the second property, fix
q ∈ Q and xn ∈ K
q
n converging to x ∈ Kq. We have
|fn(xn) − f(x)| 6
∣∣fn(xn) − fkn(xn)∣∣+ ∣∣fkn(xn) − fk(x)∣∣+ ∣∣fk(x) − f(x)∣∣
6 sup
m
∣∣∣∣fm − fkm∣∣∣∣+ ∣∣fkn(xn) − fk(x)∣∣+ ∣∣∣∣fk − f∣∣∣∣ .
The first and third term on the right-hand side can be made arbitrarily small by
choosing k large. For fixed k the term final term converges to 0 as LIMn fkn = f
k.
Thus, we find fn(xn) → f(x). Contractivity of P follows by assumption.
The proof of the theorem is based on a general semigroup approximation result [29,
Theorem 3.2].
Proof of Theorem 6.1. For the proof of (a), pick f ∈ D(Ĥ). By definition there
are λ > 0 and h ∈ D such that f = R(λ)h. By the assumption in Theorem 5.7,
there are hn ∈ Bn ∩Mb(Xn) such that LIMhn = h. By Theorem 5.7, we obtain
LIMRn(λ)hn = R(λ)h = f. By construction Rn(λ)hn ∈ D(Ĥn) establishing (a).
We proceed with the proof of (b), (c) and (d) for which we will use Theorem 3.2
of [29]. Recall the set L and the closed subset P of Proposition 6.3. Denote also
H :=
{
(〈f, {fn}〉, 〈g, {gn}〉) ∈ L× L
∣∣∣ (fn, gn) ∈ Ĥn, (f, g) ∈ Ĥ} .
Note that H is dissipative and satisfies the range condition because the operators
Ĥn and Ĥ do as well. The semigroup V(t) generated by H equals V(t) (〈f, {fn}〉) =
〈V(t)f, {Vn(t)fn}〉 on the uniform closure in L of D(Ĥ)×
∏
nD(Ĥn) (which might be
smaller than the product over the uniform closures).
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By (a), we have
Ĥ = {(f, g) | ((〈f, {fn}〉, f), (〈g, {gn}〉, g)) ∈ H ∩ (D(P)×D(P))} ,
so that all conditions for Theorem 3.2 of [29] are satisfied. From Equation (3.4)
in [29], we infer that if t > 0, fn ∈ D(Ĥn) and f ∈ D(Ĥ) such that LIM fn = f, then
LIMVn(t)fn = V(t)f.
Fix t > 0 and define
D(V(t)) :=
{h ∈ Cb(X) |∃hn ∈ Bn : h = LIMhn,LIMVn(t)hn exists and is continuous} . (6.3)
By the argument above D(V(t)) contains D(Ĥ). By Proposition 3.24 the set D(V(t))
is quasi-closed and the operator V(t) extends to D(V(t)) on which it is strictly
continuous on bounded sets.
Thus, the quasi-closure D of D(Ĥ) is contained in D(V(t)) for all t. Thus, (b) , (c)
and (d) (for tn = t) all follow from Proposition 3.24.
We now extend (d) to the context of tn converging to t. Thus, let tn → t, fn ∈
D(Ĥn) and f ∈ D(Ĥ) such that LIM fn = f. We have seen above that LIMVn(t)fn =
V(t)f. Using the decomposition
V(t)f− Vn(tn)fn = [V(t)f− Vn(t)fn] + [Vn(t)fn − Vn(tn)fn]
and the uniform continuity of V(t) onD(Ĥ)×
∏
nD(Ĥn) we find that also LIMVn(tn)fn =
V(t)f.
Repeating the argument above for
D{tn}(V(t)) :=
{h ∈ Cb(X) |∃hn ∈ Bn : h = LIMhn,LIMVn(tn)hn exists and is continuous} ,
(6.4)
we find by Proposition 3.24 a second extension of V(t) with the correct properties.
However, as we have seen the extensions based on (6.3) and (6.4) agree on the quasi-
dense subset D(Ĥ) ⊆ D and therefore must be the same on D. This establishes
(d).
7 Density of the domain
In Theorem 6.1, we obtained a semigroup that was defined on the quasi-closure of
D(Ĥ). In applications, often it is of interest to know whether this quasi-closure is
in fact equal to Cb(X).
A key method to verify this quasi-density, is the verification that as λ ↓ 0, we have
LIMR(λ)h = h for the buc topology. For this there are two possible strategies:
1. One finds a explicit characterization of R, i.e. a control representation, and
verifies this property directly,
2. In the context of Theorem 5.7, one knows that λ ↓ 0, we have LIMRn(λ)h = h
for each n and h and establishes that such statements can be lifted to the
limit, see e.g. Lemma 7.19 in [20].
We will introduce a new method, that bootstraps the procedure of Section 5.
We proceed with an informal discussion. Consider the setting in which R(λ)h is
the viscosity solution to f − λHf = h. In the linear theory, it is generally known
that R(λ)h → h as λ ↓ 0 in an appropriate topology. Indeed, as R(λ)h ∈ D(H), this
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establishes density ofD(H). We expect the same result to hold true in the non-linear
case. Consider the operators An =
1
n
H and resolvents Rn(λ) = R
(
λ
n
)
. Formally,
the operator An converges to the zero-operator 0 · H, so that we expect that the
relaxed lim sup and lim inf of Rn(1)h yield a viscosity sub- and supersolution to
f − 0 · Hf = h, or informally written, to f = h. Clearly, we expect these limits to
equal h. To obtain this result rigorously, we need a comparison principle.
Informally, we need that D(H) that is ‘large enough to uniquely identify functions’.
We make this intuition rigorous.
Proposition 7.1. Let X be a space with metrizable compact sets and let H† ⊆
Cb(X)× Cb(X) and H‡ ⊆ Cb(X)× Cb(X). Let R(λ) : Cb(X) → Cb(X) be a collection
of operators that is locally strictly equi-continuous on bounded sets as in Definition
4.2.
Let D be a quasi-dense set in Cb(X) and suppose that for λ > 0 and h ∈ D, the
function R(λ)h is a viscosity solution to
f− λH†f = h, f− λH‡f = h.
Denote A† := 0 ·H† and A‡ := 0 ·H‡. Suppose that the comparison principle holds
for f−A†f = h1 and f−A‡f = h2 for h1, h2 ∈ D. Let λn ↓ 0. Then for all h ∈ D we
have LIMn R(λn)h = h. In particular, the domain D(Ĥ) is quasi-dense in Cb(X).
Remark 7.2. Generally, proofs that establish the comparison principle for f −
λH†f = h and f−λH‡f = h can be adapted in a straightforward way to also establish
the comparison principle for f− λA†f = h and f− λA‡f = h.
We start by proving the seemingly trivial fact that h solves the equation f = h.
Lemma 7.3. Let H† ⊆ LSCl(X)×USCu(X) and H‡ ⊆ USCu(X)×LSCl(X) and define
A† := 0 ·H† and A‡ := 0 ·H‡.
For any h ∈ Cb(X) the function h is a subsolution to f−A†f = h and a supersolution
to f− A‡f = h.
Proof. We show that h is a viscosity subsolution to f−A†f = h and a supersolution
to f−A‡f = h.
We establish that h is a viscosity subsolution of f − A†f = h by using Lemma 4.5
(a). Let (f, g) ∈ A†. Thus g = 0 · gˆ with (f, gˆ) ∈ H†. Note that gˆ is bounded from
above. Thus 0 · gˆ 6 0. Thus, for all ε > 0 we have
sup
x
h(x) − f(x) 6 sup
x
h(x) − f(x) − ε ((h(x) − h(x)) − 0 · gˆ(x)).
This inequality, in combination with the fact that f is bounded from below, implies
that the condition of Lemma 4.5 (a) is satisfied (note that the g’s in the Lemma
and here are different). As a consequence, we find xn ∈ X such that
lim
n
h(xn) − f(xn) = sup
x
h(x) − f(x)
lim sup
n
h(xn) − f(xn) − 0 · gˆ(xn) 6 0,
that is, h is a subsolution to f−A†f = h. Similarly, we prove that h is a supersolution
to f−A‡f = h, which concludes the proof.
In the proof below, the notion of LIM refers to buc convergence. Thus, Q is the set
of compact sets K in X with KKn = K
K = K. See example 3.16. Note that we need
metrizable compacts to extract converging subsequences from sequences in compact
sets.
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Proof of Proposition 7.1. If we can establish that LIMR(λn)h = h, then we have
that D(Ĥ) is quasi-dense in D. As D is quasi-dense in Cb(X) by assumption, this
establishes the claim.
By Lemma 7.3 and uniqueness of viscosity solutions, it suffices to apply Proposition
5.8 for An,† = λnH†, An,‡ := λnH‡ and Rn := R (λn).
Doing so, we obtain that Rnh is a viscosity subsolution to f − An,†f = h and a
supersolution to f−An,‡f = h. Thus, it suffices to verify Condition 5.5.
We work with Bn = Cb(X). Then (a) is immediate. Condition c follows by assump-
tion. Also (d) is immediate by local strict equi-continuity on bounded sets of the
resolvent R(λ).
Next, we establish (b), i.e.:
A† ⊆ ex− LIMSUPAn,†, A‡ ⊆ ex− LIMINFAn,‡.
We only prove the first claim. Suppose (f, g) ∈ A†. Then there is a gˆ such that
g = 0 · gˆ and (f, gˆ) ∈ H†. Set fn = f and gn = λn · gˆ. It follows that (fn, gn) ∈ An,†.
It is immediate that LIM fn ∧ c = f for all c and as gˆ is bounded above also
supn supx gn(x) 6 0 ∨ supx g(x) < ∞. Finally, we establish (5.3). Note that as
xn → x in some compact set K ⊆ X, we have
lim sup
n
ĝ(xn) 6 ĝ(x)
as ĝ is upper semi-continuous. It follows that
lim sup
n
gn(xn) = lim sup
n
λnĝ(xn) 6 0 · g(x).
Thus, we conclude by Proposition 5.5 and the comparison principle that LIMRnh
as n→∞ is the unique viscosity solution h to f−A†f = h and f−A‡f = h.
A Proof of Proposition 3.8
Proof of Proposition 3.8. We prove (a) to (b). Fix a compact set K ⊆ X and r, δ > 0.
Because the semi-norm p(f) = supx∈K |f(x)| is continuous for the strict topology.
and T is strictly continuous, there is a semi-norm q(f) = supn an supx∈Kn |f(x)| such
that p(Tf− Tg) 6 q(f− g).
Set C0(r) = 2r, C1(δ, r) = a1, and
Kˆ(K, δ, r) :=
⋃
i:ai>δ
Ki.
As ai ↓ 0, Kˆ is indeed a compact set. Let n0 such that for n > n0 we have an 6 δ.
Then, if |f| ∨ |g| 6 r:
p(Tf− Tg) 6 q(f− g) 6 sup
n<n0
an sup
x∈Kn
|f(x) − g(x)|+ sup
n>n0
an sup
x∈Kn
|f(x) − g(x)|
6 a1 sup
x∈Kˆ
|f(x) − g(x)|+ δ |f− g|
6 C1(δ, r) sup
x∈Kˆ
|f(x) − g(x)|+ δC0(r).
establishing (b).
We prove (b) to (c). Let fα be a bounded net that converges to f. To prove that
Tfα converges strictly to f, we need to establish that Tfα is bounded and that for
each compact set K ⊆ X and ε > 0 there is a α0 such that for α > α0, we have
sup
x∈K
|Tfα(x) − Tf(x)| 6 ε.
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First of all, as the net is bounded there is some r such that supn |fn| 6 r for some r.
By (b), using δ = 1, we find that |Tfα − Tf| 6 C0(r)+2rC1(1, r). Next, fix a compact
set K ⊆ X and ε > 0. By (b), with δ = 1
2
εC0(r)
−1, we find a compact set K̂ such that
sup
x∈K
|Tfα(x) − Tf(x)| 6
1
2
ε+ C1(δ, r) sup
x∈K̂
|fα(x) − f(x)|
Thus, there is some α0 such that for α > α0 the left hand side is bounded by ε. We
conclude that T is strictly continuous on bounded sets.
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